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Abstract

Heat and mass transport phenomena in a binary mixture compressible supercritical fluid around the pseudo-critical line were inves-
tigated theoretically and numerically. In this study, we focused on supercritical artificial air with a composition of 79% nitrogen and 21%
oxygen, and investigated the piston effect, the soret effect, and the interactions between these effects. We derived thermo-fluid dynamic
equations, in which the compressibility of the fluid, the temperature, the pressure, and the concentration dependences of the entropy were
taken into account. The governing equations were solved numerically by using the finite difference method. We could verify that the ther-
mal energy was propagated by the piston effect in a binary mixture supercritical fluid, and the concentration change certainly occurred
due to the soret effect. Moreover, we could also estimate the thermal diffusion ratio, which made a direct correlation between the tem-

perature gradient and the concentration gradient.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The combination of very high thermal compressibility
and small thermal diffusion around the pseudo-critical lines
of fluids affects thermal energy propagation, leading to the
formation of weak acoustic wave as carriers of thermal
energy. Nowadays, this heat transport phenomenon is
known as the piston effect. This effect was first detected
in the microgravity experiment for measuring the specific
heat of SF¢ near the critical point [1]. In the experiment,
unexpected fast dynamic temperature propagation was
observed. Straub et al. [2] verified the fast dynamic temper-
ature propagation in a Spacelab Mission. Onuki et al. [3]
provided an explanation about the fast heat transfer with
adiabatic temperature propagation. Around the same time,
Boukari et al. [4] analyzed this phenomenon from a ther-
modynamic point of view. Behringer et al. [5] investigated
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the adiabatic heating process in a pure fluid and a binary
mixture. Zappoli et al. [6] accounted for the temperature
propagation by solving the hydrodynamic equations and
named the phenomenon “piston effect”. Ferrel and Hao
[7] and Zappoli et al. [8,9] investigated the effect, theoreti-
cally and numerically. In terms of past numerical endeav-
ors, Zappoli et al. [10] successfully achieved the first
direct numerical simulation of the piston effect in a single
fluid. Frohlich et al. [11], Zhong et al. [12], Wilkinson
et al. [13], and Garrabos et al. [14] carried out experiments
on the piston effect and compared them with their theoret-
ical predictions. Maekawa and Ishii [15] analyzed the pis-
ton effect from both macroscopic and microscopic points
of view. Mackawa et al. [16], Shiroishi et al. [17], Furukawa
and Onuki [18], and EL-Khouri and Carles [19] investi-
gated the convective instabilities and discussed the interac-
tions between the piston effect and convection. We also
successfully observed the piston effect in supercritical nitro-
gen by using a laser holography interferometer [20,21] and
confirmed the piston effect experimentally and numerically
[22] around the pseudo-critical line. Recently, the piston
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Nomenclature
G, specific heat at constant pressure, J/(mol K) x*({)  dimensionless computation domain (i=1,2,
C, specific heat at constant volume, J/(mol K) ...,max —1,max), where x*(1)=0 and
c concentration x*(max) =1
D diffusion coefficient, m?/s
Dr thermal diffusion coefficient, m?/s Greek symbols
kr thermal diffusion ratio (D4/D) p density, mol/m?
M molecular weight o thermal diffusion factor
P pressure, Pa or isothermal compressibility, 1/Pa
0 thermal energy flow per unit volume, J/m? p volume expansion coeflicient, 1/K
K entropy per unit mol, J/(mol K) Y ratio of the specific heats, C,/C,
T temperature, K K thermal conductivity, W/(m K)
Tmce  Max—Condentherm temperature, K n dynamic viscosity, Pa s
t time, s Oik unit tensor
u velocity (x-direction), m/s ;i viscous stress tensor
V velocity, m/s i chemical potential, J/mol
X distance from the heat wall, m
effect was successfully observed on acoustic time scales [23]. 0(pc) O(pcV:) 0 oc  kr oT
The piston effect has been mainly observed in a single-com- o T o, o {p D (ax, T 6:@)] ’ (2)
ponent fluid; however, the effect in a multi-component fluid
has not been investigated thoroughly. p Vi +pV; oV - _ 6_P + i {,7 (% + av; _ %5ik %)]
In our previous experiment, a critical opalescence phe- ot !, Ox;  Ox; or; O 370w/
nomenon was observed near the critical point of air [24]. 3)
It meant that the molecules composing the air had coa-
lesced into clusters. This implies that air possesses high do ,or, 0 .
compressibility and the piston effect can be observed in dr % ox; - @_x,(q — i), (4)
supercritical air. To confirm the validity of the supposition
that the piston effect does occur, a laser holography inter- where
ferometer was applied to visualize the piston effect in super- 5 5 oT
critical air [25]. However, its corroboration was insufficient, ¢ = [ T (—'u) -T (—M> + —K— (5)
. . . Oc or ox;
since air is composed of many substances. Then, we carried PT P
out a visualization experiment using artificial air composed 414
of 79% nitrogen and 21% oxygen [26]. The spatial distribu-
tion of the density change due to heating was investigated B Oc  kr OoT
and we successfully obtai i i Th {— T _] (6)
y obtained typical density profiles due to Ox; T Ox;

the piston effect. Additionally, we also observed the density
gradient in the bulk of fluid. It is formed by the soret effect.
The soret effect is a phenomenon in which the temperature
gradient induces a concentration flux. However, we have
little evidence to support this effect. Then, we studied heat
and mass transport mechanism in a supercritical binary
mixture, theoretically and numerically. In this paper, we
describe the theoretical consideration and the results of
the numerical simulation for the supercritical artificial air
around the pseudo-critical line.

2. Theoretical consideration

The following thermo-fluid equations were used to
investigate the heat and mass transport mechanism in a
binary mixture supercritical fluid [27]:

ot ax,- ’

(1)

Egs. (1), (2), (3) and (4) represent the equation of continu-
ity, the equation of concentration, the momentum equation
of viscous fluid, and the energy balance equation, respec-
tively. The suffixes i, j, k take the values 1, 2, 3 correspond-
ing to the components of vectors and tensors along the axes
X, y, z. In this study, the following assumptions were
adopted that no significant pressure gradient was formed
in the system due to heating, that there was no macroscopic
motion in fluids, and that the second order small terms
were ignored. The effect of gravity was not taken into
account, here.

The pressure, P, in Eq. (3) was calculated from the
following pressure derivative that

dP_ 1 [dp () de| BT
dt  par |dr \dc), dt

or dt
For details, refer to the appendix.

(7)
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On the other hand, the left term in Eq. (4), dQ/d¢, can be
expressed as pT -ds/ds. Here, we take into account the
temperature, the pressure, and the concentration depen-
dences of the entropy. dQ/d¢ can be written as follows:

do Os dr Os dp Os dc
ar - ’”{ (&), (&), (aclfdr}' )

From a Maxwell relation and thermodynamic relations, we
can obtain the following relations:

— () o)

Os
T<6T)P,c N CP, (10)

@_) B ‘(2_?) (11)

Substituting Egs. (7) and (9)—(11) into Eq. (8), dQ/dr can
be written as follows:

do_ . dT_(C,-C)¥p

(Cr—C)) (a_p) dc

a - Prar T [ oc ), dt
ou de

On the other hand, the first term on the right-hand side of
Eq. (4) can be written as

Jov, <6Vi o, 2 aV,()2

=y —+—L - — 1
a”@xj 217 ax/-—l_@x,- 3 ’kﬁxk (13)

Here, we ignored the effect of volumetric (bulk) viscosity
[28-30]. If we discuss the heat and mass transport phenom-
ena in the vicinity of the critical point of fluids
(T—T.<100mK: T, is the critical temperature), we
may need to take into account the effect of the volumetric
viscosity [31,32]. But, in this study, we considered the
phenomena around the pseudo-critical line. The system
temperature and the pressure were relatively far from the
critical point.

Substituting Egs. (5), (6), (12) and (13) into Eq. (4), and
using Eq. (2), the heat balance equation becomes the
following:

dip_Jkany =D @y
dr C,\0c/pr Bp \0c/pr
N 1_g<6_p> (r—1) a(p¥y)
p\oc)pr| PB Ox;
Vi ou ou dc
_ hadad _r(ZE il
G, b <aC>P,T <6T>P,c‘| ox;
— 1 i Kal _|_l aV’+aV7_g5 % ’
pC, lar \"ax,) T2y, Ty, 3% ) |

(14)

For details, refer to the appendix. The governing equations
were, therefore, Egs. (1), (2), (3), (7), and (14). The inde-
pendent variables were p, T, P, V;, and c, respectively.

3. Calculation model

We assumed a one-dimensional model consisting of a
very narrow, 0.01 m long tube of supercritical artificial
air with the composition of 79% nitrogen and 21% oxygen.
In this case, the Max—Condentherm (MC) temperature and
the MC pressure are 131.558 K and 3.65314 MPa, respec-
tively [33]. Unfortunately, we cannot show the exact values
of the critical temperature and the critical pressure at this
time. The critical point of a binary mixture can be only
obtained with an experiment. As far as I know, there is
no information about the critical point of the artificial
air. But it could be predicted that the critical temperature
and the critical pressure of the artificial air were slightly
lower than the MC temperature and the MC pressure.

Fig. 1 shows the calculation model. The initial tempera-
ture, 7Ty, and the initial pressure, Py, were 135K and
4.35 MPa that were relatively higher than the MC tempera-
ture and the MC pressure. Heat was applied in step function
from the left side. The temperature of the heated wall was
suddenly increased by 100 m K in the first step. The opposite
side wall kept the initial temperature. The governing equa-
tions for the one-dimensional model are shown as follows:

dp | d(pu)

ot T (15)
O(pc)  O(pcu O0c kr 0T\ Op ¢ kp O'T B
a Ta PeaTra)a Pletre) 0
(16)
dpu) d(pu*+P) 4 du
a Vo ala Y (17)
Ay Jkrfowy =D (0p)
dr C,\0c/ py Bp oc) pr
N 1_5<@_P) (y —1) d(pu)
p\oc/pr| pB ox
u ou ou dc
- s B of Gt =
G, r <aC>P.T <6T>P.c:| Ox
8 n [ou : K 62T7
“5,0, (*) “c a0 (18)
Heated
wall | 1.0x102m
35 a
T=T,+AT To

(P()’ Co» p() ,up=0)

..

Fig. 1. One-dimensional calculation model.
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Table 1
Thermo-physical properties
TP, G Cr 11CH/CY ar(ifpa) p ’ : ®),, @, &),
(K)  (MPa) (mol/m®)  (J/molK) (J/molK) 10” (1/K) (WPas)  (WmK) (s Jmol)  (3/mol K)
135.0 4.35 13036.8 29.5615 444.720 15.044 0.9628 0.1963 20.7817 0.0574 52050 —2258.5 —125.6765
dp 1 |dp op de B dT case of *He—*He mixture, the sign of k; shows negative
At par |dr \dc oy dr +Ot_r dr (19) and the absolute value of k; goes up exponentially as the

In this analysis, we assumed small temperature variation
and small concentration change. Then, we gave the con-
stant values to the induced variables, C,, y, ar, f, 1, K,
) o ) ppe and () po- Table 1 shows the thermo-phys-
ical properties, which correspond to the value under the
conditions of T, and P,, with the composition of 79%
nitrogen and 21% oxygen. They were obtained from the
database software [33]. As for the concentration, ¢, we
monitored the concentration of oxygen.

To solve the governing equations, we had two unknown
factors that were the diffusion coefficient, D, and the ther-
mal diffusion ratio, k. As for D, we estimated the value,
5 x 10~® m?/s by using the following equation, which was
proposed by Mathur and Thodos [34]:
D-B-pgp=10.7x 107 - Ty, (20)
where B = M'?P!? /TS, pr and Ty are the reduced den-
sity, p/pe, and the reduced temperature, T/T,, respectively.
The subscript, ¢, stands for the critical point. This equation
is not proposed for a binary mixture fluid, but it is accept-
able to obtain an approximate value for D [35].

On the other hand, there was no information concerning
kr for the nitrogen—oxygen system near the critical point.
Waldmann [36] reported the thermal diffusion factor, a,
of nitrogen—oxygen system. The o is expressed as the kr
divided by the relative concentrations of each component,
that is essentially the same with the k7. The values of «
are <0.0011, 0.012, and 0.017 when the temperatures are
89 K, 194 K, and 372 K, respectively. However, these data
were obtained with a pressure lower than the atmospheric
pressure. To examine the sign and the order of the k7 under
the conditions of 135 K and 4.35 MPa, we calculated it by
using Chapman’s first order approximation with the
Lennard-Jones potential [37]. Under the conditions, the
k7 was assigned the negative and the estimated value was
—0.000612, which was extremely small value. On the other
hand, Rutherford and Roof [38] measured the thermal dif-
fusion factor, o, in methane-n-butane system in the critical
region. The data suggest that the value of « becomes large
as the system approaches the critical point. We considered
that the estimated value of k+ could not used near the crit-
ical point.

As for the thermal diffusion, Onuki [39] introduced the
dynamic crossover in nearly azeotropic fluid mixture. In

system temperature approaches the critical temperature
[40,41]. The nitrogen—oxygen mixture can be regarded as
the nearly azeotropic fluid mixture because the critical
points of nitrogen and oxygen are relatively close. Then,
we adopted negative k7, and selected the following three
values that ky = —0.5,—1.0 and — 2.0 in this numerical
analysis. The thermal diffusion ratio, k7, indicates the ratio
between the thermal diffusion coefficient, D, and the diffu-
sion coefficient, D. We investigated the cases that the abso-
lute values of D7 were a half, an equal, and two times as
large as the D. To seek an appropriate value for kwas also
one of the important objectives of this study.

Here, dimensionless governing equations were deduced
from the governing equations and those were solved by
the explicit Mac—Cormack method with the FCT algo-
rithm. At the computational domain boundaries, x*(1)
and x*(max), we gave that T, =1351K/Tyc,
T max) = 135.0 K/Tve, Pee(1y = Pe2), Pyr(max) = Py (max—1)s
px*(l) = px*(Z)’ px*(max) = px*(maxfl)a and Uyr(1) = Ux*(max) = 0
The ¢ at the boundaries was obtained from pc which was
calculated from Eq. (16) by using the independent variables
in the previous time-step at x*(1), x*(2), x"(max — 1), and
x*(max).

4. Results and discussion

Numerical calculations were successfully performed with-
out any numerical instability when we assigned a certain neg-
ative value to k7. This means that oxygen, which is a high-
boiling component, moves toward the heated wall. We will
show the calculation results on short and long time scales.

Fig. 2 shows the calculation results on short time scales
in the case of k7= —0.5. Fig. 2a shows the pressure distri-
butions at every 20 ps. It can be seen that a pressure wave
propagates into the bulk of fluid and repeats the reflection.
Fig. 2b shows the temperature distributions. Temperature
wave also propagates as the pressure wave and the system
temperature rise quickly. It is noted from these figures that
the thermal energy propagates with the velocity of sound.
This suggests that the thermal energy is propagated by
the piston effect. The piston effect is initiated by the high
compressibility of artificial air around the pseudo-critical
line. A thin diffusive thermal boundary layer, which is
formed at the heated wall-fluid interface, expands due to
the high compressibility. This expansion acts as a piston,
generating an acoustic wave. Thermal conversion of this



A. Nakano | International Journal of Heat and Mass Transfer 50 (2007) 4678-4687

4682

a Vp—r—r—7+—TT T T
8F ]

£ 6f ]

> A

= LHe 120\ — ]

A F\__————
5 p100us -4/ 380us < 60ps ]
N 20us\—> 40us\—>
0 I I I 1 PR n 1 i i i 1 A A A L g " "
0 0.2 04 0.6 0.8 1.0

Position (cm)

b 0.05p———T———+1T+—7—

_ 004}

™

E .03}

=)

=

XY TR

&= A —

0.01f100us <&/ 30us

03 20p;'\—> s
0 0.2 0.4 0.6 0.8 1.0

Position (cm)

Fig. 2. Calculation results on short time scales (k7= —0.5): (a) pressure
distributions and (b) temperature distributions.
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Fig. 3. Calculation results on short time scales (k7= —1.0): (a) pressure
distributions and (b) temperature distributions.
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pressure wave can heat the fluid in an adiabatic manner. As
for the concentration, we could not observe any concentra-
tion change in the time range.

Fig. 3 shows the calculation results in the case of
k7= —1.0. Fig. 3a and b shows the pressure distributions
and the temperature distributions, respectively. These fig-
ures also suggest that temperature wave propagates as
the pressure wave, and the temperature wave propagates
with the velocity of sound. It is noted that the magnitudes
of the pressure and temperature waves are slightly larger
than those of the previous case. We also could not see
any concentration change in the time range same as before.

From these calculation results on short time scales, it
could be confirmed that the thermal energy was propagated
by the piston effect, even in the case of the binary mixture
supercritical fluid. However, we could not see any concen-
tration changes on the time scales because the piston effect
was driven by propagation, whereas the soret effect was dri-
ven by diffusion. Then, we carried out the calculations on
long time scales to investigate the soret effect and the inter-
actions between the piston effect and the soret effect.

Fig. 4 shows the calculation results on long time scales
in the case of k7= —0.5. The temperature distributions at
At =5, 10, 20, and 30 s are shown in Fig. 4a, where At
shows the elapsed time after the onset of heating. It can
be seen in each temperature distribution that a homoge-
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neous temperature field appears in the bulk of the fluid
and that the steep thermal boundary layers form near both
walls. The temperature distributions show the typical tem-
perature profile due to the piston effect. It is noted that the
level of the constant temperature field becomes small after
At = 20 s, and that the gradients of the thermal boundary
layer on both sides become small. Fig. 4b shows the con-
centration distributions of oxygen. It is noted that the con-
centration of oxygen at the heated wall rises, and that the
concentration lowers in the opposite side. Fig. 4c shows
the results of the spatial distributions of the density varia-
tion, Ap. In this case, the density variation on the right-side
wall had been adjusted to correspond to the origin of the
y-axis. The density distributions show the shapes that
inverted the temperature distributions shown in Fig. 4a
upside down. This suggests that the density variation with
temperature change was dominant. The effect of concentra-
tion upon the density was not so large. Fig. 4d shows the
pressure distributions. We note that the pressure increases
until At = 20s, but that the pressure slightly goes down
after that. It seems that it has not reached the steady state
in 30s.

Fig. 5 shows the calculation results in the case of
kr=—1.0. Fig. 5a shows the temperature distributions.
The temperature varied like in the previous case. The level
of the constant temperature field increased until Az = 20 s,
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Fig. 5. Calculation results on long time scales (k7= —1.0): (a) temperature distributions, (b) concentration distributions of oxygen, (c) spatial

distributions of the density variation and (d) pressure distributions. The line at 30 s overlaps with the line at 5s.
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but after that, the temperature went down. The decrement
of the temperature was larger than in the previous case. It
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is noted from Fig. 5b that the concentration of oxygen at
the heated wall is increased as compared with the results
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shown in Fig. 4b. Fig. 5c¢ shows the spatial distributions of
Ap. Fundamentally, the density profiles are the same as in
the case of k= —0.5. Fig. 5d shows the pressure distribu-
tions. It is also noted that the pressure increases until
At =20 s, but that the pressure drops to the level at
At =5 s when At = 30s.

Fig. 6 shows the calculation results in the case of
k7= —2.0. We can also observe the typical temperature
profiles due to the piston effect in each temperature distri-
bution shown in Fig. 6a, but the temperature at the bulk of
the fluid is suppressed as compared with the previous two
cases where k7= —0.5 and —1.0. It is noted from Fig. 6b
that the concentration of oxygen at the heated wall side
is about twice as large as compared with the case of
k7= —1.0. It seems that the concentration change is pro-
portional to the absolute value of k7. Fig. 6¢ shows the spa-
tial distributions of Ap. The density variation was also
suppressed because the density mainly varied with temper-
ature change. It is noted that a gentle density gradient can
be seen in the bulk of fluid in the result of Az = 30 s. This
seems to be consistent with the experimental results
obtained from our previous study. Fig. 7 shows a part of
the experimental results published in Ref. [26]. Fig. 7a
shows the schematic of the experimental cell. Heat was
added from the top of the cell. Fig. 7b shows the spatial
distribution of the corrected Ap on the centerline of the
cell. It is noted that relatively large density gradient can
be observed in the bulk of fluid. For details, refer to Ref.
[26]. Fig. 6d shows the pressure distributions. After
At = 10 s, the pressure gradually decreases. As the absolute
value of k7 increases, the decrements of the temperature
and the pressure increase.

We could successfully simulate the heat and mass trans-
port phenomena in supercritical artificial air. However, at
this moment, it is difficult to compare the calculation
results with the experimental results. Because, if the com-
parison be made, a calculation should be needed where
the temperature raise at the heated wall is about 5 K. In
such a case, the values of the thermo-physical properties
largely change. It is difficult to obtain a reliable solution
by using the present numerical code. We need to prepare
the data table of the thermo-physical properties for differ-
ent temperatures, different pressures, and different mole
fractions. Furthermore, it is desirable to obtain experimen-
tal data of the diffusion coefficient, D, and the thermal dif-
fusion ratio, k.

5. Conclusion

We successfully simulated the heat and mass transport
phenomena in supercritical artificial air that was a binary
mixture supercritical fluid with the composition of 79%
nitrogen and 21% oxygen. We could verify the existence
of the piston effect in the supercritical artificial air. It was
found that the piston effect was the dominant heat trans-
port mechanism in the initial stage, and the concentration
change due to the soret effect appeared several seconds

after. From this study, we could determine the sign of the
thermal diffusion ratio, k7. The sign of k; was negative
near the critical point. Further, the k7 took the value over
—2 under the condition of 135 K and 4.35 MPa. However,
to determine the certain value of k7, we have to carry out
an experiment for the concentration measurement.
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Appendix

e About the pressure derivative dP/dr.
The density derivative can be written as follows:

dp dp dr dp dp op de
LA A A T
dt (M)Pﬂ a (ap Ca\ae),a A
Substituting the following relations, (§2), = —pp, and
(%) ;. = por, which were obtained from the van der
Waal’s equation, into Eq. (A.1), we have

dp 1 |dp op dc p dr

| () & Pd A2
&t par [dx (ac),,_, dt] T @ (A-2)

e About the energy balance equation.
From Eq. (4), the energy balance equation can be writ-
ten as follows:

dQ . . / aVl
E—F div(g — pi) = a;; B,
Substituting Egs. (5), (6) and (12) into Eq. (A.3), the
left-hand side can be written as follows:

o + div(g — wi)

dr
_ dT  (Cp—C))
=pC, Qo + B

(Cp—C,) <8p) dc <6u> de
+ = ——pT| = —
B Oc) prdt oT ) . dt

(w(®),,-"(®),}

-{—pD(grad-c—i—k—;gradT)} - .zc~graol~T}7

(A.3)

div(pV)

+ div

(A4)

where we used the equation of continuity to obtain the
above equation. Next, we assume small temperature varia-

tion and small concentration change. In that case, (%) oo

&) »» and () . can be treated as the constant values.

dc oT

The right-hand side of Eq. (A.4) can be written as follows:
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dr (CP - CD) (CP — Ci,) ap dc
L p \ac),,d

Cor(2) e[ (2) (2

oT/ p. dt oc)pr T/ p.

-div [pD (grad e+ k—TTgrad . T)} —div[k - grad - T]
d_T (CP — Cv)

=pC, & +Tdiv(pV)

(Cp—Cy) (6p> Oc (a,u) de
t+— = =-rT\==]
B Oc) prdt or),, dt

ou ou Oc )
(&), - T(aru oo ma-d

—div[k - grad - T

dr  1(Cr—Co) (Bp\ (0 | O
g \oc),, "\ac),,| @

=pC,—+
(Cpr—Cy) ,. ou op )
+ 5 div(pV) — pV |kr o), T or ), grad - ¢

dt
(A.5)

div(pV) +

—div[x - grad - T).

Using the above expression, the energy balance equation
can be written as follows:

dr  |(Cp—=C,) (Op ou dc
Cat [T(a b M), W

(Cp—0C,) .. B ou _(ou
+7ﬁ div(pV) — pV |kr ac),, T or ), grad - ¢

O,
’:"ax/.

= div|k - gradT] + ¢ (A.6)

Dividing the both sides by pC,, one obtains
dr ke () de (1) () de
dt  C,\0c/, dt pB \dc)p,dt

(=1 .. 4 op op
+ o div(p?) C kr oc) s T or),. grad - ¢

/ aV,}

i 6Xj

1
= oC. [div{rc -grad-T}+o (A7)

Here, the 3rd term in the left-hand side can be written as
(y—1) (%) dc

op Oc) ppdt

G- () [d(e)_ d (1

— 8 \ac),la\p) " “d\p

52, 50)- 25 (2) o

(A.8)

Substituting Eq. (A.8) into Eq. (A.7), the final equation can
be obtained as follows:

dlp_Jhkowy  _=1) (%
dt C,\0c/pr op oc)pr

c(p -1 .
+ 1——(&>P?T o div(pV)

o
(&), (), Jem
= % {div{x -grad - T} + 0}, 2;’ (A9)
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